International Journal of Theoretical Physics, Vol. 45, No. 9, September 2006 (© 2006)
DOI: 10.1007/s10773-006-9041-3

One-Parameter Indecomposable Representation
of SPL(2,1) Superalgebra

Yong-Qing Chen'

Received January 24, 2006; Accepted March 27, 2006
Published Online: September 22, 2006

Using inhomogeneous boson—fermion realization one-parameter indecompos-
able representation of the SPL(2,1) superalgebra is studied on subspace
and quotient spaces of the universal enveloping algebra of Heisenberg-Weyl
superalgebra.
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1. INTRODUCTION

Lie superalgebras have played an important role in nuclear physics, su-
perunification, and supergravity (Balantekin and Bars, 1982). The indecompos-
able representations of Lie superalgebras have many important applications in
description of unstable particle systems (Dirac, 1984). Some indecomposable
representations of Lie superalgebras SPL(2,1) and GL(2I1) have been given
by Chen (1993, 2001a,b). Therefore, it is very important to study further the
new one-parameter indecomposable representation of the SPL(2,1) superalge-
bra. It is quite a valid approach to employ the inhomogeneous boson—fermion
realization of Lie superalgebras in order to study their indecomposable rep-
resentations. In the present paper, we shall study one-parameter indecompos-
able representation of the SPL(2,1) superalgebra on the universal enveloping
algebra of Heisenberg-Weyl superalgebras, and on their subspaces and quotient
spaces using one-parameter inhomogeneous boson—fermion realization of this
superalgebra.
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2. ONE-PARAMETER INDECOMPOSABLE REPRESENTATION
OF THE SPL(2,1)

In accordance with Chen (1993), the generators of the SPL(2,1) superalgebra

read as follows:
{Q37 Q+s Q*? B S SPL(Z, 1)() |V+ ) st W+1 W, € SPL(Zv 1)1} (1)

and satisfy the following commutation and anticommutation relations:

[Q3, Q+] =+0x4, [0+, 0-1=203,[B, 0+]=[B, 03] =0
(03, V] =£1Ve, [Q3, Wil =23 Wa, [BVa, ] = 3Va
[B, W] = —%Wi, [O+, Vel = Vi, [Qx, We] = Wo[Q4, Vi] =0  (2)
[Q+, Wil =0,{Vy, Vi) = {Va, Vi) = {(Wy, Wo} = {Wa, Wi} =0,
{(Va, Wa} =204, {Va, W} = —-03 £ B.
In terms of one pair of boson operators and two pairs of fermion operators,

one-parameter inhomogeneous boson—fermion realization of the SPL(2,1) may be
represented as follows (Chen, 2003):

1 1 1
0; = —5n +bTh+ Eal*al + Ea;ag,
Q. =nb" —b"b—bTafa; — b afar,
Q- =0,
1 1

1
B = <§ +oz) n— Eaﬁal - Ea;ag, 3

Vi =1+ anay + JabTa; — 1+ aayb™b — 1+ aafafa,
V. = -1+ aa b+ aa,

W, = —\/&naiF + \/l—l——abJraz + ﬂa?’b*b + «/Eaf'a;az,

W_ = ﬁafrb + 1+ aa.

Consider (14-2) states Heisenberg—Weyl superalgebra
H:b", b, aﬁ,al,a;,az, E

where E stands for the unit operator. According to the Poincare—Birckhoff—Witt
theorem, we choose for its universal enveloping algebra Q2 a basis

¢k, 1, ay, i, aa, Ba, 1) = bHbla™ P a2 a E' Nk, 1,1 € Z7,
ay, Br,az, fo =0, 1} 4

Each vector in the space of 2 is a linear combination of the basis with complex
coefficients. Then, we consider an extension Q of the space €2, in which each
element is a linear combination of the basis whose coefficients are elements of the
Grassmann algebra G.
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The representation of the superalgebra H on the space of Q is defined as

FOOGKk, 1, ay, Bi,az, Bo,t) = ¢k + 1,1, a1, B1, a2, B2, 1)
fb)olk, 1, oy, B1, a2, B2, t) = ¢k, I + 1, a1, B1, &2, B2, t)
+koptk — 1,1, 01, B1, a0, Bo, t + 1)
f@otk, 1 ar, Bi,az, po, 1) = (1 —anp(k, I, a1 + 1, i, a2, B2, 1)
flangk, L an, B oo, B, 1) = (=D ¢k, L, ar, f1 + 1, 00, B2, 1) ®)
+a1pk,l, 1 — 1, B1, 00, Bo,t + 1)
@)tk Ly, Br,az, B2, 1) = (=D P11 — ) x ¢k, L, a1, i, o
+1, 82, 1)
fla)pk, L ar, Br, o, Bo, 1) = (=D P+ x gk, 1, oy, Br, aa, fo + 1, 1)
H=D"Pragk, Lar, froon — 1. fot +1)

Now, we consider the quotient space V with the basis

V =(Q/D : (¢, 1, ay, Bi, a2, B2)
= ¢k, Ly, B, a2, Bo, O)mod Ik, 1 € Z*, a1, fr, a2, 2 = 0,1} (6)

corresponding to the two-sided ideal I generated by the element E = 1.
The representation (5) induces the new representation on the space of V

fONK, L ar, Br,az, Bo) = Pk + 1,1, a1, Br, @z, B2)
SfB)pk, 1, ar, B, a2, B2) = ¢k, 1 + 1, a1, B1, a2, B2)
+kp(k — 1,1, a1, B, a2, B2)
flahHek, 1oy, Bi,oz, Br) = (1 —apDptk, L ar + 1, Bi, oz, B2)
flapgk, 1, an, Bi, a2, fo) = (=" @k, 1, a1, B1 + 1, 02, B2)
+arpk, L ar — 1, Bi, @z, B2)
f@hHek, 1 ar, B, o, B2) = (=D (1 —ay) x p(k, I, a1, B,z + 1, B)
fla)pk, I, ar, B oz, B2) = (=D P4 x gk, I, oy, Br, a2, o + 1)
+ (=D Pranp(k, 1, ay, Br.az — 1, B2) -

Using the following relation

L(F(b",b,af,ai, a4, a2)) = F(f(bF), fb), f(a)), f(a), f(a)), fa) (8)
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and the one-parameter inhomogeneous boson—fermion realization (3), we obtain
the representation L of the SPL(2,1) on the space of V,

L(Q3) ¢k, 1, a1, Bz, Bo) (—3n + k + Joy + Saa)

x gk, 1, a1, Br,aa, Bo) + ¢k + 1,1+ 1, a1, i, 02, B2)
1D A —a) gk, Loy + 1, B + 1, o, Bo)
+ 3(=D2(1 — )k, I, o1, Broaa + 1, B + 1)

L(Q4) ¢k, ap, Br,az, o) = —k — o —a) ©)
x ¢k + 1,1, a1, Bi, o2, o) — plk + 2,1+ 1, a1, B1, o2, B2)
—(=DU (1 —agk + L Loy + 1, B + Loz, Bo)

—(=D*%( —a)ptk + 1,1, a1, Br, 00+ 1, o + 1)

L(Q-) ¢k, 1 a1, Bro o, Bo) = (k. 1+ 1, a1, Br, a2, B2)

+kepk — 1,1, a1, i, a2, Bo)

L(B) ¢p(k, 1, a1, B, a2, Bo) = [(3 + @) n — Jo — Sz ]
x ¢k, 1, a1, Br, a2, Bo)
+1=DN(1 =gk, Loy + 1, B + Lz, Bo)
=D — o)k, Loy, Broon+ 1, B+ 1)

L(Vy) ¢k, Loy, B oz, Bo) = (=D TP (1 —ap)(n — k — ay)

XA 14+aopk,l, o, Br,or+ 1, 62)

+ (=D Ja gk + 1,1, a1, B1 + 1, a2, B2)

+arJaptk+ 1,1, a1 — 1, B, a2, B2)

— (=DM A —a)VTHadtk+ 1,1+ 1,1, B0+ 1, Bo)

—(=DPA—apd —a)VT+agk, Lag+ 1,8 + 1,00+ 1, B2)
L(V_) ¢k, 1, a1, B, aa, B2) = (=D Jap(k, 1, a1, B + 1, a2, B2)

+al\/a¢(ksl9a1 - 17 ﬂ17a27 ﬁZ)

(=DM —a)VT+agk, [+ 1, a1, fr, a2 + 1, B2)

(=D —a)V/T+akptk — 1,1, a1, Broz + 1, B2)
L(W,) ¢k, 1, a1, Br, az, f2) = (—n + k + ax)(1 — )/

x ¢k, ar + 1, B1, a2, B2)

+(=Dthre Ty agk+ 1,1 a1, fr, oz, Bo + 1)

+ (D" Pro/T+agk+ 1,1, a1, fi, a2 — 1, B)

+(A—aDJapk + 1,1+ 1, 01 + 1, B1, 0, B2)

— (=D —apd —a)Japk, [, ar + 1, 1,0+ 1, 2 + 1)
L(W2) ¢k, L, a1, Br, oz, Bo) = (=) Pt /T + o

x ¢k, L, a1, B, a2, B+ 1)

+H=D" o /T+a gk, L ar, fi, o0 — 1, B2)

+ (I —aDVagk, I+ 1,01+ 1, B1, a2, B2)

— (1 —a)Jakpk — 1,1, a1+ 1, B, a2, B2)
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From (9), it follows that the sum (I + f; + B) does not decrease under the action
of the representation L and the subspace

Vn = Aok, [, a1, B1,az, po) € V[ + p1 + pom }

is invariant, for which no invariant complementary subspace exists. Thus, the
representation given by (9) on the space V is indecomposable.

3. CONCLUSION

We have obtained one-parameter indecomposable representation of the
SPL(2,1) superalgebra on the universal enveloping algebra of Heisenberg—Weyl
superalgebras, and on their subspaces and quotient spaces using one-parameter
inhomogeneous boson—fermion realization of this superalgebra. In terms of the
conclusion it may be of use for further research on one-parameter irreducible
representations of the SPL(2,1) superalgebra.
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